Narrow-band conductors may turn insulating and magnetic as a consequence of strong electron-electron correlation. In molecular conductors, the concomitance of a strong Jahn-Teller coupling may give rise to the alternative possibility of a non-magnetic insulator, with or without a static cooperative Jahn-Teller distortion. In the latter case the insulator has Mott-like properties, with an interesting interplay between electron-electron repulsion and the Jahn-Teller effect, which is dynamical. We study this kind of non-magnetic insulator in a very simple E ⊗ e Jahn-Teller model and we discuss its general properties in a more general context, also in connection with the insulating state of K 4 C 60 and Rb 4 C 60 .
I. INTRODUCTION
The existence of a model of conducting electrons which turns into a non trivial paramagnetic Mott insulator at zero temperature is a long standing question. The problem can be formulated in the following way. Let us consider a model which is supposed to be a metal if some kind of correlation (among the electrons or between the electrons and the ions) is neglected. Can these correlations turn the model into a Mott insulator, as opposed to a band insulator? (For a band insulator we mean a system which fits all the standard one-electron criteria of an insulator, i.e. an even number of valence electrons per unit cell, an integer number of filled band, and a band gap.) In fact, in spite of many efforts, many of the models which have been proposed to this end become insulating by enlarging the unit cell and consequently reducing the Brillouin zone so to fit those criteria. Typical examples are the Hubbard model in D > 1 or the one-dimensional Su-Schrieffer-Hegger (SSH) models at half filling. In these cases the density corresponds to one valence electron per unit cell, so the models should be in principle metallic. However, the electron-electron interaction in the Hubbard model and the electron-phonon coupling in the SSH model force on the system a staggered order parameter which doubles the unit cell, so that the systems acquire the pre-requisite for being insulators, and in fact they become insulating.
In this paper we are going to describe an alternative kind of Mott insulator. Let us consider a lattice made of molecules which have unfilled degenerate valence orbitals occupied by an even number of electrons. Let us briefly discuss how the lattice of such molecules might be insulating. A first trivial possibility is that the crystal field and the electron hopping split the degeneracy so to give rise to a band insulator once filled by the available electrons.
We are not going to consider this case. That is we will assume that, even after the crystal field and the hopping are duly taken into account, the resulting band structure still implies a metallic state. In such a situation, considering electron-electron repulsion, a Mott insulating behavior may still occur because the energy cost to change the valence of a molecule by ±1 electron overcomes the gain in energy due to the electron hopping. Specifically, if the isolated molecule has 2n valence electrons and we define an effective Hubbard U ef f as 2U ef f = E(2n + 1) + E(2n − 1) − 2E(2n), (1) where E(m) is the molecular ground state energy with m valence electrons, a Mott state can be expected for U ef f ≫ W , where W is the electron bandwidth.
However, in this case we still have two possible routes to an insulating state. If the molecular ground state has a non-zero spin due to a prevailing Hund's rule coupling, the insulator will likely be magnetic, similarly to the previously discussed Hubbard model at half filling.
In particular, the neighboring molecules will couple either ferro-or antiferromagnetically depending upon the detailed properties of the system.
In the alternative case where the molecular ground state is a singlet, we expect instead a non-magnetic Mott insulator. A possible mechanism for a Hund's rule violation, leading to a singlet in a molecule with partially filled orbitals, is of course provided by the Jahn-Teller (JT) effect. Let us therefore assume that the coupling to some vibrational mode is able to split the degeneracy of the molecular orbitals favoring, in the absence of Coulomb repulsion, a non degenerate singlet state. In the following we will consider a coupling to a local vibron, driving the single molecule to a Jahn-Teller distortion. Then, if the JT energy splitting ∆E JT between the non degenerate singlet and the high-spin states overcomes the Hund's rule (Coulomb) splitting ∆E Hund , then the molecular ground state is the non degenerate singlet and the insulator is non magnetic [1] . [Notice that the JT effect will in general also contribute to an increase of U ef f in Eq. (1) .]
Now, there are still two possibilities for both the magnetic and non magnetic insulators.
If the intra-molecular coordinates can be treated as classical, we can fix them at each site to some values and then solve the electron problem in the external potential provided by the static molecular distortions. The ground state lattice configuration is found by minimizing the total energy given by the vibrational energy plus the electron energy (in the presence of the molecular deformation), and in general consists of a periodic arrangement of statically distorted molecules (cooperative JT effect). Note that a commensurate distortion might turn the metallic state into an insulator even if U ef f ∼ W as a consequence of a nested Fermi surface.
A second and newer possibility arises if the quantum fluctuations of the intramolecular coordinates cannot be neglected. This is the case, for example, with a large spacing between the lowest rotational levels in the Jahn-Teller trough potential (or the tunnel splitting in a warped one) compared with the intermolecular coupling. In this case a static collective molecular distortion may become disadvantageous and the rotational (or cubic, or bct, etc...) symmetry of each molecule dynamically restored (dynamic JT effect). This would be a quite interesting situation in which the Jahn-Teller effect plays a crucial role in making the insulating state non-magnetic without revealing itself by a cooperative distortion. We will define this insulator as a Jahn-Teller-Mott (JTM) insulator.
Hence, a lattice of molecules with this kind of properties can in principle displays a variety of behavior depending upon the relative strengths of the parameters which come into play. 
II. SINGLE MOLECULE
We start by describing our modeling of the isolated molecule. We take the following molecular Hamiltonian (h = 1):
where r is a two dimensional vibrational coordinate, p its conjugate momentum, and τ are pseudospin-1/2 matrices acting in the space of the two degenerate electronic orbitals, i.e.
The interaction partĤ int of the Hamiltonian can be written in the form
which takes into account the planar symmetry of the model.
is the total occupation number, and U, V are positive interaction parameters. In particular U will limit fluctuations of total charge of the molecule, while V controls the internal spin and orbital state.
By rewriting in polar coordinates r = (r cos φ, r sin φ) the coupling between the vibron mode and the electrons, we get
The angular coordinate dependence can be partly eliminated via the (non-abelian) gauge
Under this transformation
so that the Hamiltonian (2) simplifies into:
The angular part of (9) is simply diagonalized by eigenfunctions exp (iλφ). Moreover, since the total wavefunction must not change upon varying φ by 2π, as a consequence of the gauge transformation (7) λ has to be integer for even electron number and half odd integer for odd electron number. Due to the symmetry λ → −λ and to the spin degeneracy, each level for odd electron number is at least four times degenerate (in this case the dynamic JT effect does not split the orbital degeneracy). On the contrary, for two electrons (the states with zero or with four electrons are trivial) the degeneracy is lifted and the ground state is non degenerate. Let us now assume a strong JT coupling, g ≫ 1, and calculate the ground state and lowest energy spectrum with an accuracy of order g −2 . In this limit, we can adopt a Born-Oppenheimer (BO) approximation scheme for the transformed Hamiltonian (9). In fact, the "electronic" states (notice that the transformed electrons are indeed a mixing of purely electronic and vibrational degrees of freedom), which are not orbital-singlets, will be split by the electron-vibron coupling of terms of order ω 0 g r , where r is the average value of the vibron displacement in the BO approximation, which is different for different electronic configurations. If g ≫ 1, the energy differences between different electronic configurations will be much larger than the lowest excitation energies within the Jahn-Teller trough potential, thus justifying the BO approximation.
We therefore start by calculating the electronic energies and eigenstates at fixed r. These are listed in Table I for different occupation numbers n = 1, 2, 3, where each eigenstate is identified by a set of quantum numbers. In particular, when the total orbital momentum is not zero, the appropriate orbital quantization axis is x [3]. It is therefore useful to introduce the rotated orbitals which diagonalize τ x , defined by
The next step is to diagonalize the Hamiltonian for the vibrational coordinates using the electronic eigenvalues E(r)'s of Table I as effective potentials. We are going to discuss the final result only for the lowest energy states.
For two electrons, the molecule has two sets of low energy states. The first one is spinsinglets which take more advantage from the JT effect (see Table I ). Notice, however, that the vibrational potential energy of this state shows a minimum at finite r only if 2ω 0 g 2 > V , otherwise the minimum stays at r = 0. This describes the competition on the single molecule between the Hund's rule, which is related to V of Eq. (5), against a JT effect. If the latter is strong enough, so that 2ω 0 g 2 > V , then a distorted potential energy minimum develops at
and the low energy spectrum of singlets is
where l = 0, 1, 2, · · · is the quantum number labeling the small oscillations in the JT potential well, whose frequency ω * is
and λ = 0, 1, 2, · · · is the angular momentum eigenvalue. In Eq. (12) we have omitted constant terms of order ≥ ω 0 /g 2 as well as l-and λ-dependent terms of higher order.
The second set of states for the two electron molecule consists of spin-triplets. Since these are orbital-singlets, the JT coupling is ineffective and the low energy spectrum is simply
If the JT energy gain overcomes the Hund's rule gain, that is if
then the ground state is a spin-singlet belonging to the set (12) , and the lowest singlet excitations in the g ≫ 1 limit are obtained by increasing the angular momentum λ.
When the molecule is occupied by one or three electrons, on the other hand, the low energy spectrum is simply
where n = 1 or n = 3, respectively, and λ is half an odd integer.
When condition (15) is fulfilled, i.e. when the n = 2 molecular ground state is a spinsinglet, the effective Hubbard U ef f is given by
We are interested in the case where the above U ef f is much bigger than the electron bandwidth W .
III. A LATTICE OF MOLECULES WITH TWO ELECTRONS PER SITE
Let us now consider a lattice of molecules, each of them described by the molecular
Hamiltonian (2), with an average electron density of two electrons per site (half filling).
As previously discussed, we assume that for n = 2 the molecular ground state is a singlet due to the Jahn-Teller effect prevailing the Hund's rule. If the molecules were uncoupled, the system would be a trivial insulator made of independent dynamic Jahn-Teller molecules each doubly occupied and non degenerate. An inter-molecular coupling is introduced via a single particle hopping of the general form
We will assume that the hopping energy is enough smaller than the effective Hubbard U ef f of Eq. (17), so that the addition of (18) into the Hamiltonian does not automatically turn the system into a metal. Nevertheless the interplay between the on site energy and the hopping can in principle lead to different situations, as anticipated in the Introduction.
A. Effective model in the strong Jahn-Teller coupling limit
In this Section we are going to derive an effective model valid in the limit U ef f ≫ W and g ≫ 1.
In the absence of the hopping term (18) , each molecule would be in its ground state with quantum numbers (l, λ) = (0, 0) and total spin S = 0 [see Eq. (12)]. The hopping mixes the molecular ground state with the excited states. We will concentrate only to singlet excitations which do not change the values of l, i.e. we will keep only the excitations to larger λ's. To be consistent, we must consider only excitations up to λ ∼ g. Within these approximations, the second order perturbation theory in (18) provides, as we are going to
show, an effective intermolecular contributionĴ to the Hamiltonian which only acts on the subspace with molecular quantum numbers l = 0 and S = 0 but different λ's. The matrix elements of this term are formally given by
where in the states |a and |a ′ all the molecules are in eigenstates belonging to the set of Eq.(12) with l = 0. After the gauge transformation (7) is performed, (18) is transformed
which, in terms of the orbitals d 1 and d 2 of Eqs. (10)- (11), becomeŝ
The hopping matrix elements in the above equation are
Both our initial and final molecular states, |a and |a ′ in Eq. In the U ef f ≫ (W, ω 0 ) limit, the energy denominator in Eq. (19) can be taken as a constant ≃ −2U ef f for any |b . Consequently the sum over |b becomes a completeness, which implies for instance that the hopping is not renormalized by any Ham reduction factor. Under all the previous assumptions, the explicit expression of (19) reads:
which, through Eq.(21) and apart from constant terms, is equal tô
Notice that an analogous intermolecular phase coupling would also arise from multipolar forces among the molecules. We will not take these forces explicitly into account, even though they are as well important, since their inclusion does not modifies the following qualitative discussion.
In addition to the intermolecular interaction (23), we must add the intramolecular orbital energyĤ 0 , which in the same g ≫ 1 limit iŝ
The sum of (23) and (24) From the above discussion we expect that, as the intermolecular interaction increases with respect to the lowest rotational frequency, the model should undergo a transition from a state where the vibron phase is disordered to a state where it orders. In both cases the system is insulating.
The transition to a metallic phase can not be described in this scheme, which is valid only in the limit of bandwidth much smaller than U ef f .
B. Excitations in the insulating phase
A possible way of discriminating among the two kinds of non magnetic insulator states, one which is accompanied by a cooperative JT effect and another one which is not, is through the study of the low energy excitations.
Let us start with the dynamical case, i.e. let us assume that the rotational frequency overcomes the intermolecular coupling.
The first kind of excitation we consider is a neutral spin-1 exciton. A single molecule is in a triplet state with, for instance, S z = 1 and it has both orbitals singly occupied with a spin up electron. No JT effect occurs in this case. All the other molecules are in the singlet molecular ground state with l = λ = 0 [see Eq. (12)]. This state is obviously degenerate since any of the molecules can be in the triplet state. This degeneracy can be lifted by the single particle hopping via a second order process (see Fig.1 ). As a consequence the triplet excitation moves coherently with an exciton hopping Hamiltonian given by
where the average · · · is over molecular states with λ = 0, and gives
The constant Γ in Eq. (25) 24) in deciding whether the Jahn-Teller distortion is static rather than dynamic. In fact, in the U ef f ≫ W limit we are considering, that energy scale is instead ∝ W 2 /U ef f . For smaller values of U ef f (smaller, but still enough to make the system a Mott insulator), the value of this energy scale is expected to be perhaps larger than W 2 /U ef f but still smaller than W . This point will be relevant to our discussion of section IV. Moreover, we stress that this result relies on a sort of adiabatic assumption, that is we have assumed that the molecule after the addition of the electron flows into the corresponding ground state. Other configurations have been neglected since they are energetically disadvantageous even though they might have larger matrix elements [4] .
What is the spectrum of these charged excitations, instead, for a cooperative JT state?
In the same adiabatic assumption we expect that the additional electron locally modifies 
IV. ARE FULLERENES A 4 C 60 POSSIBLE CANDIDATES?
A possible candidate for the scenario we have presented could be, at least in principle, the tetravalent fullerides K 4 C 60 and Rb 4 C 60 . In fact, as we pointed out in the Introduction, this was the original source of inspiration of this work, even though, as we shell see, it could still be that the Jahn-Teller effect in these fullerides is in fact static and collective, rather than dynamical. In these compounds the threefold-degenerate molecular orbital t 1u of C 60 is partly occupied by the four electrons provided by the alkali atoms. In a purely band picture, and a rigid undistorted lattice, this would imply a metal. In particular, the non cubic bct crystal field is not predicted to split sufficiently the degeneracy so as to produce a band insulator [5] . Yet these compounds are non magnetic insulators at ambient pressure [6] [7] [8] [9] [10] and also undergo an insulator-to-metal transition under pressure [11] . A possible explanation of this behavior might just rely on the mechanism we have till now discussed, that is a strong Coulomb repulsion which drives the system into a Mott insulating phase, and a Jahn-Teller splitting which overcomes the Hund rule and makes the insulator non magnetic (see also Refs. [11, 12] ). The estimated values of the relevant physical parameters are not in contradiction with this scenario. In fact, the bandwidth W measured by photoemission is of order 0.5-0.7 eV [10] , while the Coulomb interaction U may be a factor 1.5-2.5 larger than W [13] . Moreover, single molecule calculations predict that the ground state of C 4− 60 is indeed a singlet due to prevailing Jahn-Teller effect, with an energy difference between the ground state singlet and the lowest triplet of the order of 0.14 eV [14] . Recent NMR measurements on K 4 C 60 [11] show evidences of an exponential temperature dependence of the relaxation rate T
−1 1
with an activation energy comparable to the above mentioned splitting. Therefore, it seems that some of the properties of a single molecule persist in the lattice, which is not incompatible with a Mott insulating state [15] .
A. Isolated C −n 60 molecules
It is worthwhile to present a brief overview of some properties of the C −n 60 molecular ions to point out the analogies with the simple model we have studied in the preceding sections (we mostly follow Ref. [14] ). Let us start by neglecting the intramolecular Coulomb repulsion. In the C −n 60 molecule, the threefold degenerate t 1u LUMO is Jahn-Teller coupled to eight fivefold degenerate H g vibrational modes. We will discuss here the low energy picture at strong coupling (g ≫ 1), even though the realistic estimate is g ∼ 1.
As discussed in Ref.
[14], the strong coupling analysis gives a qualitatively good description of the lowest energy excitations also at g ∼ 1, since no level crossing occurs above this value. For strong coupling the lowest energy modes correspond to those of a rigid body rotator for n = 3 and of a point particle moving on a sphere for n = 1, 2, 4, 5. Moreover, analogously to the model previously discussed, the condition that the vibronic wave function be single valued generates "Berry's phase" [16, 14] constraints on the quantum numbers of those lowest excitations. Specifically, for n = 3 the rigid body rotator eigenfunctions are identified by the quantum numbers L, L z and k, where L and L z are the eigenvalues of the rotator top angular momentum L 2 and its z-component, respectively, and k the eigenvalue of the rotation around the corotating axis. These quantum numbers are subject to the constraint L = odd and k = even [14] .
This implies for instance that for n = 3 the molecular ground state is sixfold degenerate (L = 1 and S = 1/2). Here, the JT effect does not remove completely the original orbital degeneracy. On the other hand, for n = 1, 2, 4, 5 the eigenfunctions are simply spherical harmonics with quantum numbers L and L z subject to the constraint (−1) L+n = 1 [14] .
Specifically for n = 4, which is the relevant case for Rb 4 C 60 and K 4 C 60 , the ground state is non degenerate (L = 0 and S = 0). The Jahn-Teller effect fully removes in this case the orbital degeneracy. This JT energy gain is predicted to overcome the Hund's rule energy (favoring a high spin state) thus giving a non degenerate ground state for n = 4. The lowest singlet excitations in the limit of strong JT effect correspond to the motion of a particle on a sphere. They are therefore parametrized by solid angle coordinates (θ, φ), W is likely above the critical value for the onset of the Mott insulating phase [18] . In this case, the hopping is expected to produce just an intermolecular coupling which, as before, tends to fix the angles (θ, φ) of each molecule, thus contrasting the intramolecular energy which favors the conjugate angular momentum operator to acquire a finite eigenvalue. Moreover, one should take into account additional effects which tend to fix the phases, like the crystal field and multipolar forces among the molecules. The interplay of all these terms to the total Hamiltonian might give rise in this case too to the two different kinds of insulating states just discussed, i.e. the collective static Jahn-Teller and the dynamical Jahn-Teller Mott insulators. However, the order of magnitude of the various relevant parameters seem at present to point more in favor of a static and collective distortion. In fact, the intermolecule coupling arising from the electron hopping is expected to be of the order
that is an order of magnitude larger than the rotational lowest excitation energy. In addition, one has to consider the crystal field, which also favors a static distortion. In the end, in the tetravalent fullerides, this issue will have to be resolved experimentally. In fact, at least to our knowledge, there is so far no clear experimental evidences in favor either of a cooperative and static, or of a dynamical Jahn-Teller Mott-like insulator. Statically, the bct lattice being bipartite, we might expect a staggered molecular distortion doubling the lattice unit cell to be more favorable than a homogeneous one. In fact, S. Erwin has predicted on the basis of a band structure LDA calculation a CDW instability with wave vector Q = (0, 0, π/c), due to a Fermi surface quasi-perfect nesting [5] . This would lead to a doubling of the bct unit cell along the c-axis, for which there is as yet no evidence in X-ray diffraction experiments [19] . In the Jahn-Teller-Mott state, no such doubling is required.
V. CONCLUSION
In this paper we have investigated the properties of a prototypical Jahn-Teller insulator, consisting of a lattice of molecules. Each molecule has a degenerate electronic orbital (the degeneracy being bigger than half the number of valence electrons, which is taken as even), coupled to a degenerate vibron, and can undergo a Jahn-Teller distortion. For the case of degeneracy two, which we treated explicitly, the molecular ground state with two electrons is non degenerate due to the Jahn-Teller effect overcoming the Hund's rule splitting, which would favor a high-spin state instead. If a lattice of such doubly occupied molecules is constructed, and if the effective Hubbard repulsion overcomes the electron hopping matrix elements, the system is insulating. However the insulating state has different properties depending whether a cooperative and static Jahn-Teller distortion is realized or whether instead a dynamical, non-magnetic Jahn-Teller-Mott state prevails. By analyzing the low lying excitations, we have identified some characteristic features which could discriminate between the two insulators. Specifically we have shown that these excitations have some reminiscences of the original degeneracy of the electronic as well as of the vibronic degrees of freedom in the dynamical case which are lost if a cooperative Jahn-Teller effect takes place.
We have also briefly discussed the possible occurrence of this Jahn-Teller Mott insulator in the fullerides K 4 C 60 and Rb 4 C 60 . Apart from the obvious differences arising from the larger degeneracy of the electronic orbitals and of the vibronic modes involved, we believe that the qualitative picture obtained in the simpler doubly degenerate model is useful to understand this case. Although the order of magnitude of the relevant physical parameters seem to favor a scenario in which a static and cooperative Jahn-Teller distortion takes place, so far there are to our knowledge no experimental data which clearly point in favor of this situation rather than a dynamic Jahn-Teller effect. Therefore the question for these systems remains open and, to our opinion, is interesting enough to deserve further experimental investigations.
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